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In this work, we investigate a quantum-ring coupled to a topological superconductor, hosting
Majorana bound states (MBSs). We study the MBSs effects over the spectrum and persistent
current along the quantum-ring. To obtain physical quantities, we employ the Green’s function
formalism. We found that the presence of MBSs leads to dramatic changes in the quantum-ring
spectrum by inducing particle-hole symmetry. On the other hand, we have obtained a substantial
reduction of the persistent current in the strong coupling limit between ring and MBSs depending
on the ring parity. These behaviors provide a measurable signature of MBSs. Our findings could be
used as additional information on MBSs presence in these quantum systems.
I. INTRODUCTION
Majorana fermions are particles which principal fea-
ture is to be their own antiparticles [1]. In condensed
matter physics, they appear as zero-energy excitations
(quasi-particles). Due to that, the Majorana bound
states (MBSs) satisfy non-Abelian statistics; they are of
interest for quantum computation implementations[2]. In
this context, before going into the practical use of MBSs,
it is relevant to reach its characterization to provide de-
tection of them. Theoretically, a MBS is predicted to be
found in a p-wave superconductor half-quantum vortex
[3]. Several proposals have been carried out, to the de-
tection of MBSs, such as resonant Andreev reflection by
a scanning tunneling microscope (STM) [4], the 4pi pe-
riodic Majorana-Josephson current [5], the implementa-
tion of optically trapped one-dimensional (1D) fermionic
atoms [6] or an effective model in a cold-atom honeycomb
lattice with textured pairings [7], among others. On the
other hand, Kitaev developed a proposal based on a spin-
less chain proximitized by a superconductor. This model
represents a topological superconductor at which MBSs
appears localized at its ends [8].
Recent experimental advances suggest that physical re-
alization of Kitaev proposal has been carried out [9]. In
this scenario, zero-bias anomalies in transport quanti-
ties measured through TSCs have been seen as a way to
detect MBSs presence [10–15]. Since MBSs are exotic
states, it is also interesting to explore its interplay with
regular fermionic states, such as quantum dots (QDs).
For instance, the linear conductance through a QD with
a side-coupled TSC exhibit a zero-bias distinctive char-
acteristic; a half-integer conductance [16–18]. Interfer-
ence phenomena in multiple QD-chains connected with
MBSs have also been considered, proposing additional
features for detection [19, 20]. At this point, it is im-
portant to mention that the presence of TSCs hosting
MBSs affected the transport phenomena, being a useful
way for detection implementations. Although theoretical
results obtained in QD-MBS coupled systems cannot be
refused, in physical realizations, resonant tunneling not
always ensure the detection of MBSs mostly due to de-
coherence effects, which may suppress the signature of
the MBSs. Therefore, it is attractive to study isolated
systems and characterize any possible variations in their
physical properties due to the presence of the MBSs. An
interesting isolated system is a quantum-ring crossed by
a magnetic flux, also called U (1) gauge field. Due to the
break of the time-invariant symmetry, this system shows
persistent currents, which corresponds to the generation
of a spontaneous current as a response to changes in mag-
netic flux. Persistent currents have been well studied in
both experimentally and theoretically [21–24], focusing
on magnification [25], controlling local currents [26], cur-
rents in 1D disordered rings [27], electron correlations
[28], and even in alternative ways to generate persistent
currents without a magnetic flux [29]. Furthermore, per-
sistent currents are sensitive to external perturbations,
and under some circumstances, they present a robust be-
havior, which makes them good candidates to the detec-
tion of MBSs. In this sense, the use of persistent currents
with the purpose of detection MBSs has been studied the-
oretically by Gong et al. [30], where a TSC is embedded
in the QD-ring. As a result, the relevant signature of
the MBSs is the cancellation of persistent current sig-
nal when the ring parity is even. Ghazaryan et al. [31]
show that for a ring with a few hundred angstroms and
a particular range of chemical potential, the system is in
a topological phase with the possibility to find MBS.
In this work, we study the electronic and transport
properties of a quantum-ring side-coupled with a TSC
hosting MBSs. By using the Green’s function formal-
ism, we found a response in the quantum-ring spectra
due to the connection with MBSs, which leads to es-
tablish a persistent current behavior depending on ring-
TSC and/or MBSs coupling parameters. We believe our
findings could be useful to provide further characteriza-
tion of persistent currents in the presence of MBSs. The
manuscript is organized as follows: In Sec. II we present
the model and theoretical background implemented along
this work. In Sec. III, we present the corresponding ana-
lytic results and their related discussions, and finally, we
conclude by giving the final remarks in Sec. IV.
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2II. MODEL
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FIG. 1. Schematic view of the model: TSC hosting MBSs
at its ends (red) side attached to a QD-ring (connected black
dots). The latter is crossed by a magnetic flux φ.
The system under study consists of a discrete num-
ber of QDs arranged to form a quantum-ring coupled to
a TSC, which is hosting MBSs at their ends, as is il-
lustrated in Fig. 1. We model the system by means of
an effective low-energy Hamiltonian, which describes the
electronic motion through the ring, in the presence of
MBSs. The Hamiltonian is written as:
Hˆ = HˆR + HˆM + HˆC . (1)
where the term HˆR =
∑
l v(exp[i(2pi/N)Φ]c
†
l cl+1 + h.c.)
corresponds to the quantum-ring Hamiltonian in the po-
sition space, where v = v∗ is the nearest-neighbor cou-
pling parameter in the quantum-ring. Since the ring is
crossed by a magnetic flux, a phase factor Φ = φ/φ0 is in-
cluded, expressed in units of the quantum flux φ0 = h/e.
We are setting up the on-site energy at zero, and in order
to perform the calculations, we express this Hamiltonian
(HˆR) in the momentum space. Thus, we write
HˆR =
∑
k
εkc
†
kck , (2)
where εk = 2v cos [(2pi/N)Φ + ka].
The second term on the right-hand side of Eq. (1), HˆR,
corresponds to the MBSs, which is described within the
effective form described by Kitaev [8] as
HˆM = iξMη1η2 , (3)
where ηα is the Majorana operator in the α-edge
(α = 1, 2) of the TSC. Majorana operators satisfy both
{ηα, η†β} = δα,β and ηα = η†α, i.e. MBSs are char-
acterized by being their own anti-particles. A useful
way to treat them analytically is by means of regular
fermionic operators superposition, as η1 =
(
f + f†
)
/
√
2
and η2 = −i
(
f − f†) /√2. The inter MBSs coupling ξM
describes the connection between both MBSs and it is
proportional to ξM ∼ e−`/`0 , being ` the nanowire length
and `0 the superconducting coherence length. Note that
in the case of ξM = 0, both MBSs are strictly equivalent.
The last term in the right hand side of Eq. (1) describes
the coupling between MBSs and quantum-ring. We write
it as
HˆC =
∑
k
λ
(
ckη1 + η1c
†
k
)
. (4)
Without loss of generality, we have chosen the coupling
parameter between the ring and its nearest MBS to be
real, i.e. λ = λ∗.
We will focus on the modifications of transport phe-
nomena in the ring. The physical information about
electronic transport is obtained employing the equilib-
rium Green’s function techniques, in this case, we have
implemented the equation of motion method, fully de-
scribed in Ref. [32]. Therefore, the real-time retarded
Green’s function, that describes the motion of electrons
in the quantum-ring is written as follows
Gr (t) = −iθ (t)
〈{
ck (t) , c
†
k (0)
}〉
, (5)
where 〈· · · 〉 is the thermal average and θ (t) is the
heaviside function, the anticommutator stands for the
fermionic nature of the operators c†k (ck).
The expression for the persistent current presents in
the quantum-ring is obtained by
In = −∂En
∂φ
, (6)
where φ is the magnetic flux, En is the quantum-ring
spectrum. The slope will determine if the persistent cur-
rent is diamagnetic or paramagnetic. In the specific case
in which we are considering spinless electrons, the persis-
tent current is diamagnetic when the electron number is
odd, and it is paramagnetic otherwise. This phenomenon
is known as Leggett’s conjecture [33]. We obtain the to-
tal persistent current in the quantum-ring by summing
over all n states. [34]:
I = −
∑
n
f (ε) In, (7)
where f (ε) is the Fermi-Dirac distribution function.
III. RESULTS AND DISCUSSIONS
In what follows, we will use 2v as the energy unit of
the system. Based on the above description, the retarded
Green’s function for the system shown in Fig. 1 is ob-
tained from Eq. (5) in the energy domain. Then, the
Green’s function writes as
Grn (ε) =
1
εR − ΣM (ε, n) + i , (8)
where εR = ε − cos [(2pi/N)Φ + 2pin/N ] and the self-
energy ΣM (ε, n), which carries the information of the
coupling between quantum-ring and TSC, is
3ΣM (ε, n) = (9)
2εΛ
∑
n′ g
(−) (ε, n′)
g(−) (ε, n)
[
ε2 − ξ2M − 2εΛ
∑
n′ g
(+) (ε, n′)
] ,
where g(±) (ε, n′) = 1/ (ε± cos [(2pi/N)Φ + 2pin′/N ]).
Those are nothing but the isolated ring retarded Green’s
functions for holes and electrons respectively. Given the
self-energy, it is clear the way in which the MBSs are in-
teracting effectively with the quantum-ring, since when-
ever Λ =
(
λ/
√
2
)2 → 0, the self-energy becomes also
zero, i.e. ΣM (ε, n) → 0, regardless other parameters in
the system.
The spectrum for the Hamiltonian [Eq. (1)] can be
found from direct calculation, by means of recognizing
the poles in Green’s function presented in Eq. (8). What
we expect to find is a polynomial type equation depend-
ing on the size of quantum-ring. Therefore, the poles are
given by
ε2 − 2εΛ∑n′ [g(−) (ε, n′) + g(+) (ε, n′)]− ξ2M
g(−) (ε, n)
= 0 ,
(10)
Note, the above expression has trivial zeros related to the
system for Λ = 0, nothing but the isolated ring poles and
the two MBSs of the TSC, by separate.
Figure 2 displays the quantum-ring spectra as a func-
tion of the dimensionless magnetic flux Φ, for a given size
N of the quantum-ring. Solid black lines present the re-
sults for fixed λ = 0.1 and the coupling between MBSs in
the long superconducting wire limit, i.e., ξM = 0. Within
this limit, the formation of a zero-energy eigenstate is ob-
served, regardless both the magnetic flux and number of
sites in the ring N . The above is entirely due to the
presence of a zero-energy MBS, a Majorana zero mode
(MZM), in the system. The existence of this state can
be understood from Eq. (10), by taking the case when
ξM = 0, automatically we get ε = 0 as a solution, repre-
senting the pole at zero energy. Another relevant aspect
is the number of states depending on even/odd N . For
even N , the isolated ring spectra (gray dashed-dotted
lines) fulfill electron-hole symmetry and crossing points
are obtained at zero energy in Φ = 0 and Φ = ±0.5 for
N = 4 and N = 6, respectively. At this point, it is
clear that the coupling of the MZM (λ = 0.1) creates
new states, holding the crossing and generating the anti-
crossing points. The latter has a width of 2λ. For odd
N (N = 5 and N = 7), the isolated quantum-ring spec-
trum does not fulfill electron-hole symmetry. Then, we
obtain that whenever the MZM is connected, the spectra
become electron-hole symmetric. Besides the zero energy
state behaves as in even N case, with a difference in the
gap which is of width
√
2λ and the crossing points are
no longer observed. With the porpoise of understanding
the spectra shape, we additionally plotted the negative
spectrum of the isolated quantum-ring (violet dashed-
dotted line). As a final remark, we go back to Eq. (10).
We expect all solutions for ε to be particle-hole symmet-
ric. But, since g(−) (ε, n) with odd parity does not fulfill
particle-hole symmetry, consequently these zeros are not
allowed to be solutions. Regarding the even parity, these
zeros fulfill particle-hole symmetry, and the spectra are
gapless.
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FIG. 2. System spectra E as function of magnetic flux Φ, for
fixed ξM = 0, using λ = 0.1 (black solid lines) and λ = 0
(gray dashed-dotted line). [(a) and (c)] N even, and [(b) and
(d)] N odd. In odd N panels [(b) and (d)], an electron-hole
symmetric copy of the isolated ring spectrum is presented
(violet dashed-dotted lines).
−1.0
−0.5
0.0
0.5
1.0
1.5
E
(a)N = 4, ξM = 0.2, λ = 0.1 (b)N = 5, ξM = 0.2, λ = 0.1
−0.4 −0.2 0.0 0.2 0.4
Φ (φ/φ0)
−1.0
−0.5
0.0
0.5
1.0
1.5
E
(c)N = 6, ξM = 0.2, λ = 0.1
−0.4 −0.2 0.0 0.2 0.4
Φ (φ/φ0)
(d)N = 7, ξM = 0.2, λ = 0.1
FIG. 3. System spectra E as function of magnetic flux Φ, for
fixed ξM = 0.2, using λ = 0.1 (black solid lines) and λ = 0
(gray dashed-dotted line). [(a) and (c)] N even, and [(b) and
(d)] N odd. In odd N panels [(b) and (d)], an electron-hole
symmetric copy of the isolated ring spectrum is presented
(violet dashed-dotted lines).
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FIG. 4. System spectra E as function of magnetic flux Φ, for
fixed ξM = 0.5, using λ = 0.1. [(a) and (c)] N even, and [(b)
and (d)] N odd.
In Fig. 3 the case with ξM = 0.2 6= 0 is addressed. For
even N , the degeneracy of the MZM is removed, obtain-
ing states at ±ξM , except around the crossing points at
zero energy, i.e., around Φ = 0 for N = 4 and Φ = ±0.5
for N = 6. For odd N , crossing points at zero energy are
now observed placed at Φ = ±0.25, for N = 5 and N = 7.
It is remarkable how the spectra become electron-hole
symmetric whenever the MBSs are connected, regardless
of N . Also, it is worth to mention that the number of
states increases from N (isolated ring) to 2N + 2 when
the MBSs are coupled.
Figure 4 displays the case with strong coupling between
MBSs, ξM = 0.5. It is evident that the central energy
range, around zero energy, becomes wider as the value of
ξM increases. The latter becomes relevant since the split-
ting of the states takes place at the edges of the central
energy range; i.e., tuning this, it is possible to control the
energy where the splitting of the state occurs. Whenever
ξM 6= 0, four-level crossing and anti-crossings are ob-
served around zero energy. The involved states here are
the ones corresponding to MBSs and those related to iso-
lated quantum-ring spectrum (gray dashed-dotted lines).
In the case of even N , the anti-crossing are similar to
what was described above, as was described above. While
for odd N , crossings are also observed between MBSs and
related to electron-hole symmetric isolated ring spectrum
(dashed-dotted gray and violet lines).
A further analysis for the spectra central energy
range is performed at the limit ξ2M >> Λ, the self
energy is reduced to a more simple form, given by
ΣM ∼ −2εΛ
∑
n′ g
− (ε, n′) /ξ2Mg
(−) (ε, n′), and conse-
quently, the Green’s function becomes
GR (ε) ∼
[
εR +
2εΛ
∑
n′ g
(−) (ε, n′)
ξ2Mg
(−) (ε, n′)
]−1
. (11)
Therefore, the two limits in which the Green’s function
returns to the isolated quantum-ring case are obtained.
The first, and trivial one, occurs when Λ → 0, and the
second when ξ2M >> Λ. Both seem completely equiva-
lent in the ratio of Eq. (11), but physically corresponds
to two different cases. The trivial limit corresponds to
the quantum-ring without any TSC attached to it. The
second one when the MBSs are strongly coupled, and
the TSC is still connected with the quantum-ring, i.e.,
MBSs form a fermionic state and particle-hole symmetry
is broken.
A subtle difference will arise in the persistent currents
between these two limits, since both reduce to the be-
havior of an isolated quantum-ring. Hence, when λ takes
large values, splitting in the bands produces less partic-
ipation of these states in the conduction of electrons in
the quantum-ring, and new states are now visible for fi-
nite values of ξM . From here, it is clear the effect of the
MBSs observing ΣM .
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FIG. 5. Dimensionless persistent current I/I0, where I0 =
2ve/~N , as a function of the dimensionless magnetic flux Φ,
for fixed λ = 0.1. (a) N = 4, (b) N = 5, (c) N = 6, and (d)
N = 7. In all panels, ξM takes values ξM = 1 (black solid
line), ξM = 0.5 (blue dashed line), ξM = 0.2 (red dashed-
dotted line), and ξM = 0 (green dotted line).
All the features of the spectra discussed above have an
impact on persistent currents behavior, as we will discuss
in what follows. Figure 5 displays the persistent currents
obtained for different values of ξM , for different values
of even/odd N , from N = 4 to N = 7, from top to
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FIG. 6. Majorana representation of the ring in momentum
space. Blue dashed line describes the coupling between ring
states, while black dashed lines are the coupling between TSC
and the MBSs ηR(k)2 and the solid line are the representation
of TPS hosting MBSs at the edges. (a) representation for
N = 4, and (b) representation for N = 5.
bottom panels, respectively. These results were obtained
within zero-temperature limit, T = 0, and for fixed λ =
0.1. In this case, for a given λ, in all panels, the current
amplitude is maximum when ξM = 1 (solid lines), and
decrease continuously as ξM decreases (non-solid lines).
Another relevant aspect to note is the persistent current
shape. A well-formed saw-tooth shape is obtained for
ξM = 1 (solid black lines), being this the characteristic
of a persistent current of an isolated ring. For ξM =
0.5 (blue dashed lines), a softer saw-tooth shape is still
present, while for ξM = 0.2 (red dashed-dotted lines)
the saw-tooth looses its form and starts looking like a
sinusoidal function for odd N . Finally, with ξM = 0
(green dotted lines) the persistent current is given by a
I ∝ − sin (Φ) function whatever the odd N taken.
On the other hand, for even N , the persistent cur-
rent changes iteratively. This behavior is due to phase
changes, as it is observed in the spectra. Besides, the
effects on the persistent current amplitude due to the
coupling between MBSs is different in comparison with
Ref. [30]. It is due to the distinction in the configuration
of the system. While in Ref. [30], the TSC is embedded in
the quantum-ring, in our case we consider the interaction
between TSC and the quantum-ring through proximity
effect. It is fundamental since for a TSC embedded in a
quantum-ring brakes down the periodicity of a ring.
In order to obtain a complementary notion of how
MBSs couples to the quantum-ring, we write out the
full Hamiltonian [Eq. (1)] in a Majorana representation,
i.e. expressing the fermionic operators belonging to the
ring in terms of Majorana operators. Henceforth, generic
fermionic operators f and f† are written in the form
f
√
2 = η1 + iη2 and f
†√2 = η1 − iη2, respectively.
The dimensionless Hamiltonian of the ring is then writ-
ten as HˆR =
∑
k
(
1/2 + iηR(k)1η
R
(k)2
)
cos [(2pi/N) Φ + ka].
The coupling Hamiltonian between the ring and the
TSC changes to HˆC =
∑
k iλ
√
2ηR(k)2η1. Lastly, the
TSC Hamiltonian just remains as HˆM = iξMη1η2. An
schematic view of this transformation is presented in Fig.
6, for N = 4 and N = 5.
The above representation allows us to interpret a non-
vanishing coupling between all states in the system. Ac-
cordingly, HˆR in Majorana representation shows that the
quantum-ring is mapped into a Majorana quantum-ring.
Here, there is a connection between MBSs with oppo-
site helicity, with the preservation of the periodic bound-
ary conditions. It explains why for odd and even N ,
we achieved not much change in the persistent currents
with the weak presence of the MBSs. Finally, Majorana
representation of HˆC shows that η1 couples to all η
R
(k)2.
Figure 7 shows the persistent current as function of λ
and Φ, for different values of ξM and for N = 4 (5) in
upper (lower) panels. The case of ξM = 0 is addressed in
Figs. 7(a) and 7(b), from which it is observed a non van-
ishing persistent current, as long as HˆC is less relevant
than HˆR to the conduction of electrons. In other words,
whenever the TSC is strongly coupled to the ring, the
persistent current goes to zero, but we have to be care-
ful, since we show before than in the even parity particle-
hole symmetry allows the zeros g(−) (ε, n). Therefore, the
persistent current does not cancel out in even parity, and
we can observe a quench in the persistent current sig-
nal, contrary to what happened in the odd parity when
the zeros g(−) (ε, n) are not allowed. In the strong cou-
pling case, the blue dashed lines disappear and the edge
state of the TSC couples strongly with the quantum-ring
states, i.e., ηR(k)1 are decoupled to the η
R
(k)2. Hence, as a
consequence the circuit is opened, and the persistent cur-
rent goes to zero, this effect has a counterpart in the even
parity, since isolated ring states are somehow protected
by the particle-hole symmetry, no matter how strong the
coupling MZM and quantum-ring is, always we can find
a tiny signal in the persistent current.
For ξM 6= 0 and weak coupling ring-TSC (λ ∼ 0) the
persistent current it is perfectly observed as a saw-tooth
signal in all panels of Fig. 7. By increasing λ, it is ob-
tained a strong quenching in the persistent current am-
plitude for ξM = 0.2 [Figs. 7(b) and 7(e)] and a sub-
tle quenching for ξM = 1 [Figs. 7(c) and 7(f)], both in
contrast to the persistent current vanishing obtained for
ξM = 0. In order to understand this behaviour in the per-
sistent current, we revisit the spectra for values ξM 6= 0
showed in Fig. 3 and Fig. 4. From these, we can observe
the splitting in the ring states due to TSC connection.
However due to the split MBSs, appears branches repli-
cating the original states of the isolated ring, but also
fulfilling particle-hole symmetry as was discussed above.
Furthermore, the persistent currents do not cancel out
6FIG. 7. Dimensionless persistent current I/I0, where I0 = 2ve/~N , as a function of the dimensionless magnetic flux Φ and the
coupling with the TSC λ. We used ξM = 0 [(a) and (d)], ξM = 0.2 [(b) and (e)], and ξM = 1 [(c) and (f)]. N = 4 is used in
upper panels and N = 5 in lower panels.
due to the formation of those central branches. These
states, even with large λ, generate persistent currents
with a more relevant contribution in the amplitude for
larger values of ξM . In more specific words, the particle-
hole symmetry is preserved, and to satisfy this condition,
when ξM 6= 0 the symmetric branch around zero energy
appear. On the other hand, for ξM > 1, both MBSs
present in the TSC form a fermionic state, and conse-
quently, the particle-hole symmetry is no longer fulfilled.
Therefore, within this limit, the persistent current has a
tendency to keep its amplitude, as in Fig. 7(c) and Fig.
7(f).
IV. SUMMARY
In the present work, we study the spectrum and per-
sistent current of a quantum-ring side-coupled to a TSC
supporting MBSs. By employing the Green’s function
formalism using the equation of motion method, we in-
vestigate effects due to the leakage of MBSs in spectra
and persistent currents. Spectra analysis is carried out
on the weak coupling regime for the interaction between
TSC and quantum-ring (λ = 0.1). We analize three cases
for the coupling between the MBSs: the limit with long
TSC wire (ξM = 0), a weak coupling case (ξM = 0.2),
and when the coupling is ξM = 0.5. In all cases, even
and odd N has been considered. For ξM = 0, a robust
zero energy state produce an anti-crossing at the degen-
eracy points for even N . The other states that appear
in the even parity behave as the isolated quantum-ring
states and those remains intact no matter how strong
the coupling is. It is understood since particle-hole sym-
metry allows those states to exist in even parity. For
the case of odd parity, the anti-crossing also takes place
with the isolated quantum-ring states, the MZM and the
electron-hole symmetric copy of the isolated quantum-
ring states. The latter one can be understood due to
the induced particle-hole symmetry in the ring, which
is preserved for finite values of ξM . In the case when
ΣM (ε, n)→ 0 particle-hole symmetry is broken, since in
this limit MBSs form a fermionic state. On the other
hand, we show that the presence of a MZM produces
a strong quench in the persistent currents for even N
and cancels out the persistent current for odd N in the
quantum-ring, whenever the TSC is strongly coupled to
the quantum-ring. We believe our findings could be use-
ful to establish additional measurable signatures of MBSs
presences.
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